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Smith's splendid work was evidently unknown to Helmholtz, when, after establishing the law of apparent brightness, he remarks*:—
"Diese Folgerung ist schon von Lagrange gezogen worden. Leider hat er den zweiten Fall, der gerade bei starken Vergrb'sserungen der gewb'hnliche ist, nicht besprochen, namlich den, wo das in die Pupille eindringende Strahlenblindel diese nicht ganz ausfullt. Das mag nicht wenig zu der Vergessenheit beigetragen haben, in welche seine wichtige Abhandlung gefallen ist." It is indeed astonishing that a theorem of such obvious importance should need to be discovered three timesf.
The first advance upon the position attained by Smith is to be found in KirchhofTs celebrated (but perhaps little read) memoir, "Ueber das Verbaltniss zwischen dem Emissionsverniogen und dcm Absorptionsver-mb'gen der Kbrper fur Warme und Lichtj." The Theory of Exchanges renders it evident that the law of apparent brightness must have an even higher generality than Smith had claimed for it. No limitation can be admitted to systems of optical surfaces centred upon an axis, to which the rays are supposed to be but slightly inclined. Kirchhoff's investigation is founded upon Hamilton's characteristic function T, which we may here take to represent the reduced optical distance (Jv-ds) along a ray between any two points. At the extremities 0, 0', of the central ray of a pencil undergoing any number of reflections and refractions, planes are drawn perpendicular to the final directions of the ray, and in these planes rectangular coordinate axes xl} yl} x2i yz are taken. T expresses the reduced distance between a point osj, y1} in the first plane and a point &2j 2/2 ift the second plane, as a function of these four variables. In Smith's
* Pogg. Ann. Jubelband, 1874. p. 5G6.
f In his biography of Lagrange (Siypl. Enc. Brit.; Young's Works, vol. ir. p. 575) Young, •with some want of appreciation, thus refers to the memoir " On a General Law of Optics, 1803":—"A demonstration of the foundation of the method long since used by English opticians for determining the magnifying powers of telescopes of all kinds, which form an image of the object-glass beyond the eye-glass, by measuring the diameter of that image. The author hazards, in this paper, the very singular assertion, that the illumination of the object must be the same in all telescopes whatever, notwithstanding the common opinion that it depends upon the magnitude of the object-glass; and his reasoning woiild be correct, if the pupil of the eye were always less than the image of the object-glass in question ; since, as ho observes, the density of the light in this image is always inversely as the magnifying power; but he forgets to consider that the illumination on the retina, when the whole pencil is taken in, is in the joint ratio of the density and the extent; a consideration which justifies the common opinion on this subject, and shows that a most profound mathematician may be egregiously mistaken in Iris conclusions, if he proceeds to calculate upon erroneous grounds. It deserves, however, to be remembered that the brightness of any given angular portion of a magnified image must always be somewhat less than that of an equal portion of the object seen by the naked eye, because it can be no greater if the pencil fills the pupil, and will be less in proportion as the pencil is smaller than the pupil, besides the unavoidable loss of light as the refracting surfaces."
In his TMorie des Lunettes, Berlin, 1778, Lagrange himself refers to Smith's Optics, Ch. v. Book ir.
t Pogg. Ann. t. cix. p. 275 (1860). the heating no complete diffusion of the salt was effected, so that
